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Who am I ? 

 Retired engineer 
 Hobby: math visualization 
 www.josleys.com 



Occurence of the word ‘fractal’ in books 1970-2008 





“The holy grail” 

 Finding a 3D equivalent of the Mandelbrot set 
 𝑧 → 𝑧2 + c 
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Use a point’s spherical coordinates, and iteratively square the 

distance to the origin and double both angles. 

𝑥 → 𝑅2 cos 2𝜃 cos 2𝜑 + 𝑐𝑥 

𝑦 → 𝑅2 cos 2𝜃 sin 2𝜑 + 𝑐𝑦 

𝑧 → 𝑅2 sin 2𝜃 + 𝑐𝑧  

𝑑 <
𝑙𝑛 𝑅 𝑅

2𝑑𝑅
 

Distance estimate : 



Viewpoint 
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Light 









 
The 

‘Mandelbulb’ 







 
The 

‘Mandelbox’ 





Hybrid Mandelbulb-Mandelbox 











Hybrid Mandelbulb-Mandelbox 
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Indra’s Pearls 

 Published 2002, with 
accessible math! 

 Limit sets of groups of 
Moebius transformations. 
 

 The book explains a 
generic code for the 
images. 







…spheres instead of circles… 







...fake 3D 





A true 3D version... 

 Moebius transformations work in 3D also, 
provided we use quaternions instead of complex 
numbers: 
                        q=x+iy+jz+kw  
                             with  
 i²=−1, j²=−1, k²=−1, ij=k, jk=i, ki=j, ijk=−1 

 Express a point in space as a quaternion whose 
fourth element is zero : 
                         P=x+iy+jz+k.0 
 

 





















Kaleidoscopic 
method for 
polyhedra. 



Kaleidoscopic 
method for 
polyhedra. 





Algorithm 
 ‘Fold’ point P so it lies in pyramidal area determined 

by triangle 

 Transform P’=C+f(P-C)     (f=1.5) 

 If distance to origin<M and iterations<max, repeat, if 
not, stop. 

 Move point according to distance formula 



Increase factor f 



Increase factor f 



Increase factor f 



Increase factor f 



Add a rotation 



Add a rotation 







 
Kaleidoscopic 

method for 
4D polychora. 

120-cell : 600 vertices, 1200 edges, 720 pentagons,  120 dodecahedra 



 
Kaleidoscopic 

method for 
4D polychora. 













M.C. Escher 

 Dutch artist (1898-1972) 

 Studied graphic arts 

 A lot of his work is inspired by maths 

 















Hyperbolic Escher 

 Escher created 4 hyperbolic tilings 

 

 

 

 

 He got help from mathematician 
 H.M. Coxeter 



Hyperbolische meetkunde  
 







7 circles 



25 circles 



103 circles 



403 circles 



>1300 circles 







M.C.Escher 

Ringslangen, 1969 







M.C. Escher 
Cirkellimiet III (1959) 
Woodcut 
(20 printing stages) 



Computers  1960 ‘s 



   Computers 1960 ‘s 
 

Hard disc 5 Mb 
 



‘Hyperbolisation’ 

 Creating a hyperbolic version using one fundamental tile 



? 





































𝑧 →  𝑧2 



𝑧 →  𝑧2 
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𝑧 → 𝑒
𝑖2𝜋 𝑧+𝑖

𝑘𝑃  
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Doyle spirals 













Schwarz-Christoffel transformation 



Schwarz-Christoffel transformation 



M.C.Escher 

Vierkantlimiet,1964 



“Dimensions” and “Chaos” 

 2008 and 2013 film projects : both 2 hours of animation. 

 Non-profit : Free download or watch online. 

 Multiple commentary and subtitle languages. 
www.dimensions-math.org   www.chaos-math.org 
 

Ghys-Leys-Alvarez 

http://www.dimensions-math.org/
http://www.dimensions-math.org/
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A 

Arnaud Chéritat 

Sphere eversion 
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Arnaud Chéritat 

Sphere eversion 




